Abstract. We investigate the hypercohomologies of truncated twisted holomorphic de Rham complexes on (not necessarily compact) complex manifolds. In particular, we generalize Leray-Hirsch, Künneth and Poincaré-Serre duality theorems on them. At last, a blowup formula is given, which affirmatively answers a question posed by Chen, Y. and Yang, S. in [3].
Introduction
All complex manifolds mentioned in this paper are connected and not necessarily compact unless otherwise specified. Let X be a complex manifold. A well known theorem says that the cohomology H k (X, C) with complex coefficients can be computed by the hypercohomology H k (X, Ω • X ) of the holomorphic de Rham complex Ω • X . Moreover, if X is a compact Kähler manifold, the Hodge filtration So it is necessary to investigate the hypercohomology of truncated holomorphic de Rham complexes.
We consider the more general cases -the hypercohomology H * (X, Ω there exists an isomorphism
for any k, s, t, where (u i , v i ) is the degree of t i for 1 ≤ i ≤ r.
Theorem 1.2 (Künneth theorem)
. Let X, Y be complex manifolds and L, H local systems of C X -, C Y -modules of finite ranks on X, Y respectively. If X or Y is compact, then there is an isomorphism a+b=c u+w=s v+w=t
for any c, s, t.
Theorem 1.3 (Poincaré-Serre duality theorem). Let X be an n-dimensional compact complex manifold and L a local system of C X -modules of finite rank on X. Then there exists an isomorphism
for any k, s, t, where * denotes the dual of a C-vector space.
Recently, the blowup formula on the de Rham cohomology with values in a local system were studied with different approaches [3, 7, 14, 5] . More generally, Chen, Y. and Yang, S. posed a question on the existence of the blowup formula on the hypercohomology of a truncated twisted holomorphic de Rham complex ([3, Question 10]). Now, we prove that it truly exists. Theorem 1.4. Let π : X → X be the blowup of a complex manifold X along a complex submaifold Y and L a local system of C X -modules of finite rank on X. Assume that i Y : Y → X is the inclusion and r = codim C Y ≥ 2. Then there exists an isomorphism
for any k, s, t.
In Section 2, we recall some basic notions on complexes and give some properties of them, which may be well known for experts. In Section 3, the double complex S
•,• X (L, s, t) and T
•,•
X (L, s, t) are defined and studied, which play important roles in the research of the hypercohomology
X (L)). In Section 4, Theorems 1.1-1.4 are verified.
Complexes
Let C be an Abelian category. All complexes and morphisms in this section are in C.
2.3. Dual complexes. In this subsection, assume that C is the category of C-vector spaces.
For a C-vector space V , let V * = Hom C (V, C) be its dual space. The dual complex
2.4. Tensors of complexes. In this subsection, assume that C is the category of C-vector spaces.
For complexes ( 
for any p, q, s, r. We easily see that
as double complexes for any p, q.
for any k, l. it is easily checked that ss(
By (2.1), the following lemma holds.
Lemma 2.5. For any k, there is an isomorphism
of double complexes.
By definitions, it follows that
Now, we can compute the cohomologies of tensors of double complexes.
Proof. By Lemma 2.4 and 2.6, we get (1). By Lemma 2.4 and 2.5, we get (2).
Truncated twisted holomorphic de Rham complex
Let X be an n-dimensional complex manifold. Denote by A p,q
) the sheaf of germs of smooth (p, q)-forms (resp. complex-valued smooth k-forms, (p, q)-currents, holomorphic p-forms) on X. Denote by C X the constant sheaf with stalk C over X. Let L be a local system of C X -modules of finite rank on X, namely, a locally constant sheaf of finite dimensional C-vector spaces on X. Tensoring ⊗ C X between sheaves of C X -modules will be simply written as ⊗. For a sheaf F over X and an open subset U ⊆ X, Γ(U, F) refers to the group of sections of F on U . For a complex F • of sheaves on X, H k (X, F • ) denotes its k-th hypercohomology.
Twisted Dolbeault cohomology. Since
These arguments also hold for the sheaves D
which are uniformly called the twisted Dolbeault cohomologies.
Double complexes
X (L) on a compact complex manifold X. The compactness is not necessary. For convenience, set L ⊗ Ω k X = 0 for k < 0 or > n. Given any integers s and t, the truncated twisted holomorphic de Rham complex Ω
X (L) is defined as the zero complex if s > t and as the complex
if s ≤ t, where L⊗Ω k X is placed in degree k for s ≤ k ≤ t and zeros are placed in other degrees.
X is the twisted holomorphic de Rham complex on X and Ω 
is a double complex of sheaves, where Lemma 8.5] , the lemma holds. 
There is an isomorphism
Notice that, all double complexes defined in this section are bounded.
Exact sequences. For integers
where the morphism is the identity or zero at every degree. In particular, we have a short exact sequence
for integers r ≤ s ≤ t. These exact sequences also hold for Ω
, etc. By (3.2) and (3.4), there is a long exact sequence
3.4.
Operations. Suppose that X is a complex manifold and L, H are local systems of C X -modules of rank l, h on X respectively.
For α ∈ Γ(X, L ⊗ A p X ) and β ∈ Γ(X, H ⊗ A q X ), we define the wedge product α ∧ β ∈ Γ(X, L ⊗ H ⊗ A p+q X ) as follows: Let U be an open subset of X such that L| U and H| U are trivial. Let e 1 , . . ., e l and f 1 , . . ., f h be bases of Γ(U, L) and Γ(U,
This construction is global. We have
which also holds if using ∂ or∂ instead of d.
Suppose that α ∈ Γ(X, H ⊗ A p,q X ) satisfies that ∂α =∂α = 0, i.e., dα = 0. Then wedge products by α give a morphism
of double complexes of sheaves. This define a cup product
for any k, where H p,q BC (X, H) is the twisted Bott-Chern cohomology of X. We can obtain the same cup product by
Let f : Y → X be a holomorphic map between complex manifolds. The pullbacks give a morphism
of double complexes, which induces a morphism f * :
Y (f −1 L)) for any k. Moreover, if f is proper and r = dim C Y − dim C X, then the pushforwards give a morphism
(L)) for any k. Similarly, these operations can also be defined on complexes S • (X, L, s, t) and T • (X, L, s, t). By [7, (3. 7)], we easily get Proposition 3.2 (Projection formula). Let f : Y → X be a proper surjective holomorphic map between complex manifolds and L, H local systems of C X -modules of finite rank on X. Fix integers k, p, q, s, t ∈ Z. Then
Recall that a complex manifold X is called p-Kählerian, if it admits a closed transverse positive (p, p)-form Ω (see [1, Definition 1.1, 1.3] ). In such case, Ω| Z is a volume form on Z, for any complex submanifold Z of pure dimension p of X. Any complex manifold is 0-Kählerian and any Kähler manifold X is p-Kählerian for every 0 ≤ p ≤ dim C X. We generalize [13, Theorem 3.1(a)(b), 4.1(a)(b)][7, Proposition 3.10] as follows. Proposition 3.3. Suppose that f : Y → X is a proper surjective holomorphic map between complex manifolds and Y is r-Kählerian, where r = dim C Y − dim C X. Let L be a local system of C X -modules of finite rank on X. Then, for any k, s, t,
Proof. Let Ω be a strictly positive closed (r, r)-form on Y . Then c = f * Ω is a closed current of degree 0, hence a constant. By Sard's theorem, the set X 0 of regular values of f is nonempty. For any x ∈ X 0 , Y x = f −1 (x) is a compact complex submanifold of pure dimension r, so c = Yx Ω| Yx > 0. By the projection formula,
X (L)), where [Ω] BC ∈ H r,r (X) denotes the Bott-Chern class of Ω. It is easily to deduce the proposition.
Corollary 3.4. Let f : Y → X be a proper surjective holomorphic map between complex manifolds with the same dimensions and L a local system of C X -modules of finite rank on X. Then, for any k, s, t
X (L)) is surjective.
3.5.
A spectral sequence. Associated to S •,• (X, L, s, t), there is a spectral sequence
where
It coincides with that associated to
. We call it the truncated twisted Frölicher spectral sequence for (X, L, s, t). The truncated twisted Frölicher spectral sequence for (X, C X , 0, n) is just the classical Frölicher (or Hodge-de Rham) spectral sequence. If X is compact, one has an inequality
for any k, where
The spectral sequence (3.5) degenerates at E 1 if and only if the equalities (3.7) hold for all k.
Proofs of main theorems
4.1. Leray-Hirsch theorem. A proof of Theorem 1.1 is given as follows.
Proof. Denote
. By (3.6), we get the first pages
0, others
and 
and
We complete the proof.
We generalize [9 Corollary 4.1. Let π : P(E) → X be the projective bundle associated to a holomorphic vector bundle E on a complex manifold X and L a local system of C X -modules of finite rank on X. Set rank C E = r.
(1) There exists an isomorphism
(2) Suppose that X is compact and s ≤ t. Then the truncated twisted Frölicher spectral sequence for (P(E), π −1 L, s, t) degenerates at E 1 -page if and only if so do those for (X, L, s − r + 1, t − r + 1), . . ., (X, L, s, t).
Proof. Let u ∈ A 1,1 (P(E)) be a first Chern form of the universal line bundle O P(E) (−1) on P(E) and h = [u]∂ ∈ H 1,1 ∂ (P(E)) its Dolbeault class. For every x ∈ X, 1, h, . . ., h r−1 restricted to the fibre π −1 (x) = P(E x ) freely linearly generate H
•,• ∂ (P(E x )). By Theorem 1.1, we get (1) .
In general, we have
So,
if and only if,
Thus (2) follows. For an n-dimensional complex manifold X, the inclusion Ω
for any k and p. By (3.2) and (3.3), the inclusions S • (X, C X , p, n) → S • (X, C X , 0, n) and
respectively.
Corollary 4.3 ([8, Lemma 3.4])
. Let π : P(E) → X be the projective bundle associated to a holomorphic vector bundle E on a complex manifold X and rank C E = r. Suppose that u ∈ A 1,1 (P(E)) is a first Chern form of the universal line bundle O P(E) (−1) on P(E). Then
gives an isomorphism
for any k, p.
Proof. Set dim C X = n. Let u ∈ A 1,1 (P(E)) be a first Chern form of the universal line bundle O P(E) (−1) on P(E). Then ∂u =∂u = 0. Consider the commutative diagram of complexes
Thus we have the commutative diagram
where the two level maps are isomorphisms by Corollary 4.1 (1) . Consequently, we get the corollary by (4.1).
Künneth theorem.
Let X, Y be complex manifolds and let pr 1 , pr 2 be projections from X × Y onto X, Y , respectively. For sheaves L and H of C X -and C Y -modules on X and Y respectively, the external tensor product of L and H on X × Y is defined as
For coherent analytic sheaves F and G of O X -and O Y -modules on X and Y respectively, the analytic external tensor product of F and G on X × Y is defined as
Now, we verify Theorem 1.2.
Proof. Consider the double complexes
. By Proposition 2.7 (2) and (3.6), we get the first pages
and H c (sL
X×Y (L ⊠ H)). We conclude this theorem.
4.3.
Poincaré-Serre duality theorem. Let X be a complex manifold and L a local system of C X -modules of rank l on X. Denote by
, we construct tr(γ) as follows: Suppose that U is an open subset of X such that L| U is trivial. Let e 1 , . . ., e l and f 1 , . . ., f l be bases of Γ(U, L) and Γ(U, L ∨ ), respectively. Set γ = 1≤i≤l 1≤j≤l
e i , f j γ ij , where , is the contraction between L and L ∨ . This construction is global.
Assume that H is a local system of C X -modules of finite rank on X.
which also holds if using ∂ or∂ instead of d. Theorem 1.3 is shown as follows.
and Lemma 2.1, we have
The map defined as
is a morphism of double complexes by (4.3), which induces an
By (3.2) and Lemma 2.1, we have
from which Theorem 1.3 follows. Proof. Consider the complexes
and L • (s, t) = T • ( X, π −1 L, s, t) and the morphism f (s, t) = π
By (3.2) and (3.3), the left side and the right side of (1.1) are H k (K • (s, t)) and H k (L • (s, t)) respectively. Our goal is to show that H k (f (s, t)) : s, t) ) is an isomorphism for any s, t. gives an isomorphism
4.5.
A remark. In the proofs of Theorems 1.1-1.3 and the first proof of Theorem 1.4, we use almost the same steps, that is, first proved that the morphisms between double complexes induce isomorphisms at E 1 -pages and then obtained their induced isomorphisms at H-pages, where we need the corresponding results (respectively, the Leray-Hirsch, Künneth, Serre duality theorems and the blowup formula) on the twisted Dolbeault cohomology in the former steps. In the second proof of Theorem 1.4, we use the blowup formula on the twisted Dolbeault cohomology and the five-lemma. So the twisted Dolbeault cohomology and some algebraic machines play significant roles in the research of the hypercohomology of truncated twisted holomorphic de Rham complexes. On the twisted Dolbeault cohomology, we refer to [7, 10, 13] .
